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INTRODUCTION

In isotropic materials, the direction of the energy flux 
(energy per unit time per unit area) of an ultrasonic plane 
wave is always along the same direction as the normal to the 
wave front. In anisotropic materials, however, this is true 
only along symmetry directions. Along other directions, the en-
ergy flux of the wave deviates from the intended direction of 
propagation. This phenomenon is known as energy flux deviation 
and is illustrated in Fig. 1.. The direction of the energy flux 
is dependent on the elastic coefficients of the material [1,2]. 
This effect has been demonstrated in many anisotropic crystal-
line materials. In transparent quartz crystals, Schlieren 
photographs have been obtained which allow visualization of the 
ultrasonic waves and the energy flux deviation [3].

The energy flux deviation in graphite/epoxy (gr/ep) compos-
ite materials can be quite large because of their high 
anisotropy. The flux deviation angle has been calculated for 
unidirectional gr/ep composites as a function of both fiber ori-
entation and fiber volume content [4]. Experimental 
measurements have also been made in unidirectional composites 
[5]. It has been further demonstrated that changes in composite 
materials which alter the elastic properties such as moisture 

 



 

absorption by the matrix or fiber degradation, can be detected 
nondestructively by measurements of the energy flux shift [6].

In this research, the effects of nonlinear elasticity on 
energy flux deviation in unidirectional gr/ep composites were 
studied. Because of elastic nonlinearity, the angle of the ener-
gy flux deviation was shown to be a function of applied stress. 
This shift in flux deviation was modeled using acoustoelastic 
theory and the previously measured second and third order elas-
tic stiffness coefficients for T300/5208 gr/ep [7,8]. Two 
conditions of applied uniaxial stress were considered. In the 
first case, the direction of applied uniaxial stress was along 
the fiber axis (x

 

3

 

) while in the second case it was perpendicu-
lar to the fiber axis along the laminate stacking direction 
(x

 

1

 

). 

THEORY

Assuming linear elasticity, the components of the energy 
flux vector (E

 

j

 

) are a function of the linear elastic stiffness 
coefficients (c

 

ijkl

 

) and the spatial and time derivatives of 
the displacement vector (u

 

i

 

) [1,2]. The equation is given by 

(1)

where the Einstein summation convention on repeated indices is 

Fig. 1. Illustration of energy flux deviation of an ultrason-
ic wave in an anisotropic material.
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assumed throughout this paper. The angle of energy flux devia-
tion can then be calculated as the angle between the energy 
flux vector and the normal to the plane wave front.

To include nonlinear elastic effects on the energy flux de-
viation, acoustoelastic theory is used. This theory predicts an 
“effective” linear elastic stiffness tensor (c

 

*
ijkl

 

) that is a 
function of the second and third order elastic coefficients and 
the applied stress (

 

s

 

ij

 

) [9]. The expression for the “effec-
tive” stiffness tensor is given by

(2)

where  is the Kronecker delta and k

 

nlij

 

 is given by
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In this expression, c

 

ijkluv

 

 are the third order elastic stiff-
ness coefficients and 

 

e

 

ij

 

 are the strains resulting from the 
applied stresses. If the applied stresses are within the linear 
elastic regime, the strains are given by 

(4)

where s

 

ijkl

 

 are the linear elastic compliances which are the in-
verse of the stiffnesses. 

Thus, if the linear elastic stiffnesses and compliances, 
the third order elastic stiffnesses, and the applied stresses 
are known, an “effective” stiffness tensor can be calculated. 
This can then be used to compute the changes in energy flux de-
viation as a function of applied stress which are a result of 
nonlinear elastic effects.

MODEL CALCULATIONS

The effect of stress on the energy flux deviation was mod-
eled for unidirectional T300/5208 gr/ep which was assumed to be 
transversely isotropic. The fiber axis was designated to be the 
x

 

3

 

 axis while the laminate stacking direction which is perpen-
dicular to the fibers was chosen to be the x

 

1

 

 axis. The values 
of the previously measured nonzero independent linear elastic 
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stiffness and compliance coefficients for this material are 
listed in Table 1. Likewise, the values of the previously mea-
sured nine independent nonzero third order stiffness 
coefficients are given in Table 2. In both tables, the contract-
ed subscript matrix notation is used. 

Table 1. Linear elastic stiffness and compliance coefficients.

Table 2. Third order (nonlinear) elastic stiffness 
coefficients.

Calculations were performed for elastic waves propagating 
in the x1x3 plane. As in any anisotropic bulk material, three 
elastic waves will propagate along any direction in this plane. 
Of the three waves propagating in this plane, one of them is al-
ways a pure mode transverse (PT) wave with its particle 
displacement polarized perpendicular to the x1 and x3 axes 
(i.e. along the x2 axis). The other two modes are quasi- mode 
waves with components of particle displacements both along 
their direction of propagation and perpendicular to it. One is 
a quasi-transverse (QT) mode wave while the other is a quasi-
longitudinal (QL) mode wave. All three modes suffer energy flux 
deviation except for propagation along the fiber axis (x3) and 
the laminate stacking axis (x1). These are symmetry directions, 

cij (GPa) sij (GPa)-1

c11 14.26 s11 0.092

c12 6.78 s12 -0.042

c13 6.5 s13 -0.003

c33 108.4 s33 0.0096

c44 5.27 s44 0.190

cijk (GPa) cijk (GPa)

c111 -196 c155 -49.1

c112 -89 c344 -47

c113 -4 c133 -236

c123 65 c333 -829

c144 -33.4



along which, all three modes are pure mode waves and none suf-
fers energy flux deviation.

For fiber orientations of less than 60 degrees, the QL 
mode propagates with a faster velocity and its energy flux devi-
ates toward the fiber direction. The energy flux of the QT mode 
deviates in the opposite direction toward the x1 axis. Between 
60 and 90 degrees, these modes transition with the QL mode be-
coming the QT mode and vice-versa. Because of the complexity of 
the wave behavior in this region, it was excluded from this 
study.

The energy flux deviation was first computed for the condi-
tion of no applied stress. Then, calculations were performed 
for two different states of uniaxial stress. The first was 
stress along the fiber direction (x3) of a magnitude of 1 GPa. 
The second was along the laminate stacking (x1) direction with 
a magnitude of 0.1 GPa. These values are near the reported ulti-
mate strengths of this material along the respective 
directions. This allows an estimate of the maximum effects of 
stress on energy flux deviation. For both conditions, the 
change in the energy flux deviation angle from the condition of 
zero applied stress was computed over the range of propagation 
directions of 0 to 60 degrees from the fiber axis at two degree 
intervals.

RESULTS AND DISCUSSIONS

The flux deviation angles of the three modes as a function 
of fiber orientation at zero stress are plotted in Fig. 2. The 
fiber orientation angle is the angle between the fibers and the 
normal to the wave front or the intended direction of propaga-
tion. A positive flux deviation angle implies the energy 
deviates away from the fiber direction toward the x1 axis while 
a negative deviation means that the energy deviates toward the 
fibers. Over this range of fiber orientation angles, the energy 
of the QL and PT mode waves deviates toward the fibers while 
that of the QT deviates away from the fibers.

In Fig. 3. the change in the predicted energy flux devia-
tion due to the application of stress along the fibers is 
plotted as a function of fiber orientation angle. The energy of 
the QT mode wave suffers the largest shift in flux deviation 
reaching a maximum of three degrees at a propagation direction 
of approximately 20 degrees with respect to the fiber direc-
tion. That of the PT mode changes by a smaller amount in the 



opposite direction while the QL mode wave suffers a negligible 
shift. 

The relative magnitudes of the flux deviation shifts of 
the different modes can be explained qualitatively by consider-
ing the ratios of the magnitude of the nonlinear elastic 
coefficients to the linear coefficients. The primary elastic co-
efficients affecting the propagation of the PT and QT modes are 
those dominated by the matrix properties. These are c11, c12, 
c44, c111, and c112. The magnitudes of the nonlinear coeffi-
cients are over an order of magnitude larger than the linear 
coefficients in this case. However, the ratios of the nonlinear 
to linear coefficients which dominate the propagation of the QL 
wave (c33, c133, and c333) are much smaller even though the mag-
nitudes of the individual coefficients are larger. Therefore, 
the effect of nonlinear elasticity on the energy flux deviation 
should be much smaller for the QL mode wave. The previous mea-
surements of the effect of matrix degradation on energy flux 
deviation also showed a larger change in the flux deviation of 
the QT mode wave with almost no change in the QL mode wave [6].

The shift in energy flux deviation due to applied stress 

Fig. 2. Energy flux deviation as a function of fiber orienta-
tion angle for case of no applied stress.
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along the x1 axis is shown in Fig. 4. Again the QT mode wave 
suffers the largest change in flux deviation angle while the QL 
mode is almost unchanged. It is interesting to note that the di-
rection of the change in energy flux is in the opposite 
direction from the case of applied stress along the fiber 
direction. 

These calculations demonstrate the effect of nonlinear 
elasticity on the energy flux deviation of ultrasonic waves in 
gr/ep composite materials. The modes indicate the angles of fi-
ber orientation and wave modes that suffer the maximum shift in 
flux deviation for the cases of applied stress considered. This 
will aid in future experimental measurements of this effect. Al-
though the models presented were for bulk waves propagating 
through a thick composite material, the same effect is expected 
for plane plate waves propagating in thin plates. The longer 
propagation paths possible along plates would make the effect 
more measurable and thus could improve the stress resolution 
possible. This effect could be used to develop a new nondestruc-
tive method for monitoring stress in composite materials or as 
a new method for measuring their nonlinearity.

Fig. 3. Change in energy flux deviation due to a 1 GPa stress 
applied along the x3 or fiber direction.
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Fig. 4. Change in energy flux deviation due to a 0.1 GPa stress 
applied along the x1 or laminate stacking direction.
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